IEEE T r ans. on Micr owave The ory and T e chniques, 40(7):1496{150 6, July 1992.

F ast Capacitance Extraction of General

Three-Dimensional Structures

K. Nab ors S. Kim J. White

Abstract

In [1], a b oundary-element based algorithm was presented for computing the capac-

itance of three-dimensional m-conductor structures whose computational complexity

grows nearly as mn, where n is the numb er of elements used to discretize the conduc-

tor surfaces. In that algorithm, a generalized conjugate residual iterative technique

is used to solve the n � n linear system arising from the discretization, and a multi-

p ole algorithm is used to compute the iterates. In this pap er, several improvements to

that algorithm are describ ed which make the approach in [1] applicable and computa-

tionally e�cient for almost any geometry of conductors in a homogeneous dielectric.

In particular, a new adaptive multip ole algorithm is describ ed, along with a strategy

for accelerating the iterative algorithm by exploiting electrostatic screening. Results

using these techniques in a program which computes the capacitance of general three-

dimensional structures are presented to demonstrate that the new algorithm is nearly

as accurate as the more standard direct factorization approach, and is more than two

orders of magnitude faster for large examples.

I. In tro duction

In the design of high p erformance integrated circuits and integrated circuit pack aging,

there are many cases where accurate estimates of the capacitances of complicated three-

dimensional structures are imp ortant for determining �nal circuit sp eeds and functionality .

Algorithms using metho d of moments [2] or weighted-residuals [3, 4] based discretizations of

integral equation formulations, also known as b oundary-element metho ds [5], are commonly

used to compute these capacitances, but such approaches generate dense matrix problems

Manuscript received April 27, 1995. This work was supp orted by the Defense Adv anced Research Pro jects

Agency contracts N00014-91-J-1698 and MDA972-88-K-008, the National Science F oundation contract (MIP-

8858764 A02), F.B.I. contract J-FBI-88-067, and grants from Digital Equipment Corp oration and I.B.M.

The authors are with the Research Lab oratory of Electronics and the Microsystems T echnology Lab o-

ratory

, Department of Electrical Engineering and Computer Science, Massachusetts Institute of T echnology ,

Cambridge, MA 02139 U.S.A., (617) 253-2543.

which are computationally exp ensive to solve, and this limits the complexity of problems

which can b e analyzed.

In [1], a fast algorithm for computing the capacitance of three-dimensional structures

of rectangular conductors in a homogenous dielectric is presented. The metho d solves the

discretized capacitance problem using an iterative technique with iterates computed by a

hierarchical multip ole algorithm [6, 7]. This general strategy was �rst suggested in [8]. The

computation time for the algorithm was shown to grow nearly as mn, where n is the numb er

of panels used to discretize the conductor surfaces, and m is the numb er of conductors. In

this pap er, we describ e several improvements to that algorithm and present computational

results on a v ariety of examples to demonstrate that the new metho d is accurate and can b e

as much as two orders of magnitude faster than standard direct factorization approaches.

The outline of the pap er is as follows. The b oundary-element formulation and a standard

iterative algorithm for solving the generated matrix problem are brie y reviewed in Section I I.

A simpli�ed version of the hierarchical multip ole algorithm is describ ed in Section I I I, and

our new adaptive multip ole algorithm tuned to the b oundary-element formulation is given

in Section IV. A new preconditioning strategy for accelerating the iterative algorithm, based

on the idea of screening, is presented in Section V. Exp erimental results using our program

F ASTCAP to analyze a wide v ariety of structures, made p ossible by a link to the M.I.T.

Micro-Electro-Mechanical Computer Aided Design (MEMCAD) system [9], are presented in

Section VI. Finally

, conclusions and acknowledgements are given in Section VI I.

I I. Problem F orm ulation

Capacitance extraction is made tractable by assuming the problem contains conductors em-

b edded in a homogenous dielectric medium, though the techniques describ ed b elow can b e

extended to the piecewise-constant dielectric case using the approach in [10 ]. The capaci-

tance of an m-conductor geometry can then b e summarized by an m � m symmetric matrix

C , where the j -th column of C has a p ositive entry C

j j

, representing the self-capacitance

of conductor j , and negative entries C

ij

, representing coupling b etween conductors j and i,

i = 1, 2,: : : , m, i 6= j . T o determine the j -th column of the capacitance matrix, one need

only solve for the surface charges on each conductor pro duced by raising conductor j to one

volt while grounding the rest. Then C

ij is numerically equal to the charge on conductor i,

i = 1, 2,: : : , m. Rep eating this pro cedure m times gives the m columns of C .

These m p otential problems can b e solved using an equiv alent free-space formulation in

which the conductor-dielectric interfaces are replaced by a charge layer of density � [11 , 10 ].

Assuming a homogenous dielectric, the charge layer in the free-space problem will b e the

induced charge in the original problem if � satis�es the integral equation

(x) =

Z

sur f aces

� (x

0

)

1

4� �

0 kx � x

0

k da

0

; x 2 sur f aces: (1)

where (x) is the known conductor surface p otential, da

0

is the incremental conductor surface

area, x, x

0

2 R

3

, and kxk is the usual Euclidean length of x given by q

x

2

1

+ x

2

2

+ x

2

3

.

A standard approach to numerically solving (1) for � is to use a piece-wise constant

collo cation scheme. That is, the conductor surfaces are broken into n small panels or tiles, and it is assumed that on each panel i, a charge, q

i

, is uniformly distributed. Then for

each panel, an equation is written which relates the known p otential at the center of that

i-th panel, denoted p

i

, to the sum of the contributions to that p otential from the n charge

distributions on all n panels [10 ]. The result is a dense linear system,

P q = p (2)

where P 2 R n�n

, q is the vector of panel charges, p 2 R n

is the vector of known panel

p otentials, and

P

ij

=

1

a

j

Z

panel

j

1

4� �

0 kx

i

� x

0

k da

0

; (3)

where x

i is the center of the i-th panel and a

j is the area of the j -th panel. Since the

discretiztion uses p oint collo cation, in general P

ij

6= P

j i

, that is P is unsymmetric.

The dense linear system of (2) can b e solved to compute panel charges from a given set

of panel p otentials, and the capacitances can b e derived by summing the panel charges. If

Gaussian elimination is used to solve (2), the numb er of op erations is order n

3

. Clearly ,

this approach b ecomes computationally intractable if the numb er of panels exceeds several

hundred. Instead, consider solving the linear system (2) using a conjugate-residual style

iterative metho d like GMRES [12]. Such metho ds have the form given b elow:

Algorithm 1: GMRES algorithm for solving (2)

Make an initial guess to the solution, q

0

.

Set k = 0.

do f

Compute the residual, r k

= p � P q k

.

if kr k < tol , return q k

as the solution.

else f

Cho ose �’s and � in

q k +1

=

P

k

j =0

�

j q j

+ � r k

to minimize kr k +1

k.

Set k = k + 1.

g

g

The dominant costs of Algorithm 1 are in calculating the n

2

entries of P using (3)

b efore the iterations b egin, and p erforming n

2

op erations to compute P q k

on each iteration.

Describ ed b elow is our adaptive hierarchical multip ole algorithm which, through the use of

carefully applied approximations, avoids forming most of P and reduces the cost of forming

P q k

to order n op erations. This do es not necessarily imply that each iteration of the GMRES

algorithm can b e computed with order n op erations. If the numb er of GMRES iterations

required to achieve convergence approaches n, then to p erform the minimization in each

GMRES iteration will require order n

2

op erations. This problem is avoided through the use

of a preconditioner, also describ ed b elow, which reduces the numb er of GMRES iterations

required to achieve convergence to well b elow n for large problems.

I I I. The Hierarc hical Multip ole Algorithm

A complete description of the hierarchical multip ole algorithm is not given here; the original

description is in [6, 7 ], and its application to capacitance extraction is describ ed in [1]. Instead

we describ e the expansion approximation and examine a simpli�ed two-dimensional example

which b oth exhibits the metho d’s salient features, and motiv ates the adaptive algorithm and

the preconditioner describ ed in subsequent sections.

3.1. Multip ole Expansions

Multip ole expansions are often used to approximate the far �eld due to a con�ned charge

distribution [13]. F or example, consider ev aluating the p otential p

i at the center of a panel

i, (r

i

; �

i

; �

i

), due to a collection of d distant panels, as in Figure 1. The p otential due to

the surface charges on those d panels is given approximately by the truncated multip ole

expansion

(r

i

; �

i

; �

i

) � l

X

n=0 n

X

m=�n

M m

n

r n+1

i

Y m

n

(�

i

; �

i

) (4)

where the spherical co ordinates of the ev aluation lo cation are measured relative to the origin

of the multip ole expansion, Y m

n

(�

i

; �

i

) are the surface spherical harmonics, M m

n are the

multip ole co e�cents determined from the panel charges, and l is the expansion order.

Given the multip ole co e�cients, the same multip ole expansion can b e used to quickly ,

but approximately

, ev aluate the p otential at many panel centers. F or example, in Figure 1,

there are d charged panels, and d panel centers where the p otential must b e ev aluated. A

direct calculation of those p otentials requires order d

2

op erations, but only order d op erations

are needed if the multip ole expansion is used (assuming the expansion order l is �xed).

In the Figure 1 case, the error due to truncating the multip ole expansion is b ounded [7],

as in

�

�

�

�

�

(r

i

; �

i

; �

i

) � l

X

n=0 n

X

m=�n

M m

n

r n+1

i

Y m

n

(�

i

; �

i

)

�

�

�

�

�

� K

1

�

R

r

i

�

l+1

� K

1

�

R

r

�

l+1

: (5)

The quantities r and R are as in Figure 1 and K

1 is a constant indep endent of the multip ole

expansion order, l . The b ound indicates that the multip ole p otential ev aluations converge

more rapidly with expansion order as the minimum distance b etween the panel charges and

the ev aluation p oints increases.

In order to ensure that the error b ound in (5) tightens su�ciently with each increase

in expansion order l , the hierarchical multip ole algorithm uses a multip ole expansion to

represent the e�ect of charge in a region only if the radius of the region, R, is less than half

the distance b etween the region’s center and the ev aluation p oint, denoted r . F or example,

in Figure 2 two groups of panels are represented by a multip ole expansions of order l , and

by the ab ove criteria, b oth can b e used to ev aluate the p otential at panel i’s center, as

R=r = 3R=3r < 0:5.

3.2. A Tw o-Dimensional Example

The aggregation of distant tiles into multip ole expansions which can b e used to ev aluate

p otentials at many panel centers is the source of the hierarchical multip ole algorithm’s e�-

ciency

. Maintaining this e�ciency for general distributions of panels while controlling error

(r

i

; �

i

; �

i

)

r

R r

i d panels

?

d ev aluation p oints �

�

�

� )

P

P

P

P q

= multip ole expansion

Fig. 1. The ev aluation of the p otential at (r

i

; �

i

; �

i

).

(r

i

; �

i

; �

i

) r

R

3r

3R

= multip ole expansion

Fig. 2. The ev aluation of two multip ole expansions with the same error b ound.

is ensured by exploiting a hierarchical partitioning of the problem domain, the smallest cub e

containing all the conductors.

Consider, for example, ev aluating the p otential at some p oint (r

i

; �

i

; �

i

) in Figure 3 due

to panel charges inside the illustrated problem domain. A �rst partitioning would b e to

break the problem into four smaller squares, leaving (r

i

; �

i

; �

i

) somewhere in the lower left

square (Figure 3b)

1

. T o ensure that the errors due to truncating the multip ole expansion

shrink rapidly with increasing expansion order, multip ole expansions will not b e used to

represent the charges in squares 1, 2 and 3, when ev aluating the p otential at p oints in the

lower-left square, b ecause R

1

=r

1

, R

2

=r

2 and R

3

=r

3 in Figure 3b are all greater than 0:5.

F or the particular example ev aluation p oint in the lower-left square, the charge in square

2 is distant enough to satisfy the criteria for using multip ole expansions. However, a more

detailed study of the hierarchical multip ole algorithm than we will consider here would show

that it is not e�cient to exploit such sp ecial cases.

Squares 1, 2 and 3 are each divided into four squares, as in Figure 3c, to pro duce smaller

regions which can p ossibly satisfy the criteria for representation by a multip ole expansion.

In fact, many of the smaller squares do satisfy the criteria, as can b e seen by examining the

illustrated case, for which R=r is less than 0:5. Thus, at the end of this partitioning step, all

the charges in the squares marked with an M in Figure 3c will b e represented with a multip ole

expansion when ev aluating the p otential at p oints in the square containing (r

i

; �

i

; �

i

).

In order for the multip ole expansions to b e used to represent the p otential due to panel

charges contained in the unmarked squares of Figure 3c, these squares are partitioned further,

as in Figure 3d. Then, as b efore, the distance criteria implies that multip ole expansions can

b e used to represent the panel charges in all but a few squares near the square containing

the ev aluation p oint. If it is determined not to partition any further than is indicated in

Figure 3d, the p otential p

i

, at (r

i

; �

i

; �

i

), can then b e computed by summing a \near" or

direct term and a \far" or multip ole term. That is, the \near" contribution to p

i is due to

panel charges in the nine unmarked squares in Figure 3d, and is computed directly from P

ij q

j

pro ducts. The \far" contribution to p

i is due to distant panels charges and is determined by

ev aluating the 25 mulitp ole expansions indicated in Figure 3d. In the next section, we will

refer to the list of squares asso ciated with those 25 multip ole expansions as the multip ole list

for the square containing (r

i

; �

i

; �

i

).

In general, the numb er of partitioning levels, L, for a given problem domain is selected

so that the squares on the �nest level each have no more than k panels (typically k is of the

order of ten). Then for a uniform distribution of panels, the numb er of partitioning levels will

b e given by L = log n

k

. Since the numb er of multip ole expansions on each partitioning level

which contribute to p

i is b ounded by a constant, each p otential ev aluation involves order

log n multip ole expansion ev aluations. Also, since each lowest level square has no more than

k panels, the direct contribution to p

i is b ounded by a constant. Therefore, as ev aluating

the entire p otential vector requires n ev aluations of this typ e, the ab ove multip ole approach

is an order n log n algorithm for computing an approximation to P .

2

The hierarchical

1

In the three-dimensional problem, the equiv alent partitioning would b e to divide a cub e into eight smaller

cub es.

2

The analysis is similar for the three-dimensional case. The primary di�erence is that in the three-

dimensional case space is partitioned into cub es, and when cub es are subpartitioned, they generate eight

6